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The ICE technique for numerical fluid dynamics has been revised considerably, and
generalized in such a way as to extend the applicability to fluid flows with arbitrary
equation of state and the full viscous stress tensor. The method is useful for the numerical
solution of time-dependent fluid flow problems in several space dimensions, for all
Mach numbers from zero (incompressible limit) to infinity (hypersonic limit). This
new version is considerably less complicated than the original form. The present descris-
tion does not assume a familiarity with the previous one.

INTRODUCTION

An Implicit Continuous-fluid Eulerian (ICE) technique has been proposed {1}
for the solution of time-dependent problems in multidimensional fluid dynamics,
in which the Mach number may vary from zero to infinity. Test caiculations
have shown that the method as originally proposed works well, even though its
scope of applicability is fairly limited. The crucial features that enable this are
the advanced-time (implicit) treatment of the density in the equation of state and
of the density and velocity in the mass equation. Accordingly, the technigue
reduces essentially to the MAC method for incompressible flow [2] as the sound
speed becomes infinite, and to an implicit variant of the usual Eulerian tech-
niques [3] as the sound speed becomes small.

In this paper, a modified ICE method is described, in which the procedure is
considerably simplified and the scope of applicability is greatly extended. In
particular, the present modified form

1. is applicable to arbitrary equation of state,
2. introduces a more meaningful variable for the Poisson equation,
3. reduces the finite-difference Poisson equation to a five-point form, with

considerably simplified coefficients,

* This work was performed under the auspices of the United States Atomic Energy Commission.
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198 HARLOW AND AMSDEN

4. incorporates the correct, full viscous stress tensor, instead of a simple
artificial viscosity,

5. is time-centered in such a way as to eliminate some undesirable low-order
truncation errors,

6. contains an optional mass-diffusion term, which can enhance the numerical
accuracy or stability in some circumstances,

7. is applicable to free-surface flows, as well as to those that are confined,
8. can be used for both plane and cylindrically symmetric calculations.

The following discussion describes the modified technique in detail, shows
some properties of this type of implicit solution procedure, and demonstrates the
applicability by means of results from a typical calculation.

The essential features of the methodology can be summarized as follows. We
start from conservative differential equations for the transport of mass, momentum,
and energy. The flow region is subdivided into an Eulerian mesh of rectangular
cells, and the equations are approximated by conservative finite-difference expres-
sions relative to these cells. In addition, the time advancement progresses through
a sequence of finite intervals, the results of each cycle being calculated from data
remaining from the previous cycle, or supplied as initial conditions.

In the mass equation, the convective fluxes are expressed as functions of the
unknown advanced-time densities and velocities. Likewise, the pressure in the
momentum equations is expressed as a function of the unknown advanced-time
density. From these equations, the undetermined velocities can be eliminated,
giving a Poisson equation for the new densities. Conversion of this to an equation
for the pressure produces the Poisson equation that actually is solved. From the
results can then be found densities and velocities for the new cycle. Finally, the
energy changes are computed.

THE DIFFERENTIAL EQUATIONS

This solution process is illustrated for calculations in cylindrical coordinates
with axial symmetry. For problems in plane coordinates, the equations are easily
modified by replacing r — 1.0 throughout. In the computer program this trans-
formation can be exploited to increase the versatility considerably. In conservative
form, with gravity parallel to the axis, the equations can be written

ép 1 opur | opv _ 10 op o%p

‘ot + ¥ o oz T [r or (' 8}') 022 ]’ L
dou | 1 opu*r | Spww 0 @ (ou v
o Tr o oz  or P+ +p oz (62 6r)’ @



NUMERICAL FLUID DYNAMICS 192

opv | 1 Spuvr  9pv? 0 B 9 (ou  ov 1
ot v or | &z ’Pg—_c'ﬁ(p_*—q) ¥ 8;"[ (az Gr”’ ¥
OpE 1 épukr opoE 1_8_3 7 /
& e e -pbg—}_r@r’[BMﬁr , !\\+2,u)q
_f‘_ﬁ 2 2 | . 24p, % _
28 (202 4 v*) + v ]‘+8Z(BM - P
A K e, }
_ — il Y2
(A+2M)q”+2a (W + 20%) + pu ol
@
where
1 our ov cay
7= -0+ 5+ 5) =
and
E =1+ (2 + ¥)2. (6)

The pressure p is a prescribed function of the density p, and of the specific internal
energy I; u and v are the radial () and axial (z) velocity components, respectively.
The temperature in the heat conduction term has been eliminated by means of
the constant coefficient B. For simplicity, the viscosity coefficients A and 1 have
been chosen to be constants; in general, the incorporation of variable viscosity
coefficients has no conceptual effect on the methodology, being manifested simply
by changes in form of the R and S functions, defined below, and of the energy
equation, which is treated separately at the end of the cycle. An additional coefii-
cient 7 has been utilized to allow for a mass diffusion term in Eq. (1); in most
cases, = = 0, but in a few circumstances a negative mass diffusion (= < 0} can
assist in the removal of an undesirable low-order truncation-error term in the
finite-difference expressions, while a positive mass diffusion {r > 0) may some-
times be necessary for numerical stability.

In addition to the advantage of simplicity for the present demonstration, the
use of constant viscosity coefficients yields terms that demonstrate quite close
similarity to the “artificial viscosity” terms that ordinarily are used in both low-
speed [2] and high-speed [3] flow calculations. Indeed, the relationship to usual
forms of the artificial viscosity is considerably enhanced by replacing A — pX and
w — pu. For some types of problems, we have found this to be very useful for the
purpose of enabling the viscosity stability condition to remain unchanged through
a calculation.



200 HARLOW AND AMSDEN
THE DIFFERENCE EQUATIONS

A fragment of the Eulerian finite-difference mesh is shown in Fig. 1, which
illustrates the centering of the field variables relative to a typical cell. The index i
counts cell centers from left to right, while j counts them from bottom to top.
Accordingly, quantities defined at cell edges are labeled with indices 7 -~ % or
j -+ L. Thus, for example, Eq. (5) becomes

1 1
9ii = —(A -+ 2u) [—"“ (r sv1/2Mi10. i — FicrseMiasa,) + 5z (Vs,54172 — l’i,i—l/z)],

¥; OF
: . . ) @
in which 8r and 8z are the dimensions of a cell.
v”*'/z
Pips0::E;
Ul-'/zj (-] j’.; * 0“:0,’/23
Vi-V2

Fic. 1. Layout of variables and indices in the mesh.

For the finite-difference forms of the momentum equations, it is convenient to
separate those parts that will contain no advanced-time factors. For such terms
no additional index is required. Thus, we define
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The cell-centered convection terms in Eqs. (8) and (%) have been put into ZIP
form, according to which, for example,

2
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This accomplishes the useful purpose of removing one of the low-order truncation-
error terms [4]. A donor-cell form [4] for the convection fluxes may also occa-
sionally be useful, especially for problems that start from violently discontinuous
initial conditions; see discussion below for the one-dimensional analog.

With these defined quantities, the momentum equations can be written

( u)z _( u)? 2,7 ?5 = ( ) 7 .
P ks 8L‘ PRz = '87(17; ) PH—I J) + d) (Pv ) pz'+1,j) uE Rz‘+1/-3,i 5
(10
(V)i e — (V)7 _ _ =), . n
Eel 57 (0)iss1ss = %( 15— D) T *S?i (Pis — Piser) + Sijense s

(1
in which the index, n + 1, indicates an advanced-time value, while the bar over p
denotes a hybrid function, defined below. The weighting constant ¢, with magni-
tude between 0.0 and 1.0, denotes the relative level of time centering of the pressure
term. For ¢ == 1.0, that term is at the advanced time, as in the original version of
ICE, whereas for ¢ = 0.5 the term is exactly time-centered, insofar as certain
crucial truncation-error terms are concerned. For ¢ = 0.0, the method is purely
explicit, closely resembling previous Eulerian techniques {3]. It is the flexibility
of variable ¢ that enables a comparison to be made between the potentially more
accurate time-centered version and the completely advanced-time form, which
had previously been tested.
The hybrid function p is formed from the equation-of-state pressure function
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plp, I) in a manner similar to that used by Janenko and Neuvazaev [5] for a
somewhat different purpose.

n+1

Diy = = pi; + ci, a(P P;'Z,J')z (12)

where ¢, = (dp/op)} ; is closely related to the speed of sound. (With a constant
specific heat, ¢, ; is the square of the isothermal sound speed.) Thus j; ; singles
out from the equation of state its principal dependence upon the density and for it
uses the advanced-time density, while the rest remains at the beginning-of-cycle
values. This should not be interpreted as neglecting the effects of internal energy
variations on the pressure. It simply means that those variations must be treated
implicitly for the density, but can remain purely explicit for the internal energy.
The usual purely explicit techniques for high-speed Eulerian calculations treat
both variations explicitly in the equation of state, which can be accomplished in
the present method simply by setting 8 = ¢ = 0, in which case the calculational
results are independent of the value of ¢; .

In a similar fashion, the right side of the finite-difference mass equation can be
weighted between a purely explicit form and an advanced time form, utilizing a
constant 8 such that 0.0 < 8 < 1.0.
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In Egs. (10), (11), and (13) there occur the quantities (pu)7,; and (pt)} iy »
which must be eliminated by algebraic substitution. The process of doing so
introduces the quantity G;; which is formed entirely of data available at the
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beginning of the cycle. Also, the occurrence of p}* is eliminated by means of

Eq. {12). Thus, with
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the equation to be solved for p, ; is
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If an iterative procedure is to be used for the solution of Eq. (15), there is a
transformation that is useful for caiculations with large spatial variations in
density. Let o, ; = p; ;/p;; ; find the iterative solution for ¢ ; ; and then convert
this back to the required p; ;.

This completes the basic derivation of those equations that especially characterize
the features of our revised ICE procedure. In summary, the procedure for a

calculation cycle is as follows:
1. Calculate the required beginning-of-cycle terms, Ryi15.5, Sijia25 Gijs
2. Solve for p;; for every cell, using Eq. (15). For some circumstances, a
direct solution method can be used; for others it may be necessary to employ a

relaxation technique,
3. Solve for p?tt, using Eq. (12),

4.

4. Solve for the new values of the velocities, using Egs. (10) and (11),
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5. Calculate the new energy for every cell, using the following finite-difference
approximation to Eq. (4):

1
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together with an equation for the specific internal energy,
L= E;; — $(up1so5 + Y12, + @igerre + Visae)’l a7

Time indices have been omitted from most of Eq. (16); we ordinarily use the
advanced-time densities and velocities, but there may be circumstances in which
the previous-cycle values should be used.
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In most of the equations, there are ambiguities regarding quantities that are
required at localities other than those for which they are stored. In every case,
these are to be formed of appropriate averages of nearby values. For example,

1 N
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INITIAL AND BOUNDARY CONDITIONS

The original ICE technique [1} required pre-initial-time data as well as the usual
array of initial conditions. This is not true for the present version. Accordingly,
all that is required is a program setup for generating the distribution of variable
values throughout the mesh and appropriate for representing the desired initial
configuration of the fluid. The calculation carries on from there.

Boundary conditions are derived in such a way as to describe the various walls
or surfaces that may occur. These are of several types:

No-slip rigid walls,

Free-slip rigid walls,

Prescribed-input walls,
Prescribed-output walls,
Continuative-output walls,

Moveable surface adjacent to a vacuum,

Moveable surface adjacent to an applied pressure,

Bl A

Moveable surface adjacent to another fluid.

The first four are uniquely specified by the behavior of the normal and tangentia!
velocity components, by the constraints these imply through the dynamical
equations for their variations, and by the prescribed nature of the temperature or
the heat flux. The fifth has no unique prescription, but must be derived in such
a way as to have minimal effect on the flow in the region of interest.

For the moveable surfaces the guiding principle is that of stress continuity; for
a free surface, for example, the normal and tangential stresses must both vanish.
The prescriptions resemble those of the MAC and SMAC methods [2] for incom-
pressible fluid flow calculations.
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A ONE-DIMENSIONAL ANALOGY
A summary of the properties of the new ICE method has been given for a
version of the program with allowance for a free surface [6]. Here, we illustrate

some of the properties through an examination of a one-dimensional version.
Analogous to Eqs. (1) and (2), the starting point is
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For the viscosity function g, we choose for illustration
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Again, it is convenient to define, in analogy to Eq. (8),
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so that the difference equations become
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in terms of which the equation to be solved is

Di 6 62 - .,
o _(g}‘:r(l’iq + Piv1 — 2P + Gq.

These expressions for the one-dimensional version form the basis for the disciission
in the remainder of the paper, which illustrate restrictions and properties that are
directly related to the full methodology.

THE CoNVECTIVE FLUXES

There are various ways that the energy and momentum counvective fluxes can
be written, the precise form beinig irrelevant to the conceptual formulation of the
ICE technique, but nevertheless crucial to the assurance of accuracy and numerical
stability of the calculations. At least four types of flux expressions are appropriate
for consideration, cach having advantages and disadvantages. Consider, for
example, the momentum flux term (pu?), . While the density is already stored for
the position at which the flux is to be evaluated (that is, at the center of cell i) the
velocity positions are at / 4 %, so that some type of interpolation is needed.

The four flux expressions to be considered are:

Centered: () — piUia o 4 i1 )P4,
Z1P: (puB); — pill;_1/9Miv1se 5
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2
{Pillioasz for (#igs2 + ti410) >0

Compiete Donor: (pu?); —> 4 .
! Pdiivare for (uiap + i) <O.

In addition, there is an interpolated donor form, not considered here. For the
energy-equation convection terms there are analogous flux expressions for two
of these forms:

Centered: (puE); 12 > (p: + pory) tirao(E; - E5)/4,

_, Ptk for wsye >0

. (PuE)z—L 2
DOﬂO[. +1/2 or O
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Some properties of each of these are the following:

1. Centered. This form eliminates one order of truncation error in 3x,
compared with the donor cell flux, but this advantage is overshadowed by the

581/8/2-3
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tendency to numerical instability that is produced by not fime centering the
convective flux. This tendency to instability is usually mitigated by the addition
of a counterbalancing diffusive flux (either real or artificial) and can also be
tolerated in circumstances in which the growth of the instability is bounded by
nonlinear dissipative effects.

2. ZIP. This form is also one order more “accurate” in 6x than the donor
cell flux, but, in addition, has the advaniages of eliminating a nonlinear contri-
bution to instability [4]. For these reasons, the ZIP flux is often preferred for the
momentum convection., The ZIP flux also needs a counterbalancing diffusive flux
when it is not centered in time.

3. Donor. Neither the partial nor the complete donor cell flux is space
centered, and, accordingly, both have low order (in dx) truncation errors. These
contribute a positive diffusive effect and accordingly tend to automatically stabilize
the numerical calculations. The magnitude, however, can be excessive, thereby
masking the true diffusive effects and leading to erroneous interpretations (for
example, for flows at high Reynolds numbers). Accordingly, the once-popular
donor-cell flux representation is being abandoned by most investigators except
for very spcial circumstances.

Our recommendation for ICE calculations is to use ZIP fluxes or centered
fluxes, the instability of these mitigated by the controlled use of artificial diffusion
with a coefficient that just slightly exceeds the effective value predicted by trunca-
tion error analysis. The only circumstance in which a donor-cell flux appears
desirable is in the early stages of problems with especially violent initiation (for
example, in high-speed projectile impact), the later stages of the calculation
automatically shifting to the centered or ZIP flux.

TRUNCATION ERRORS

Analogous to the derivations in Refs. [1] and [4], we may expand the difference
equations in a form that reveals the lowest order diffusional truncation effects.
With ZIP differencing for the momentum convection terms, for example, the
result is

@p dpu 8¢ 8x2 701\ ou
= e — e+ Y~ (=) 7 k- @O
ou l1éop . o OF  udx® 3p A Pu
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We have used ¢? to denote either of several partial derivatives of p with respect
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to p; accordingly, the symbol as used in this section is only approximately related
to the square of the sound speed, being progressively more accurately so in the
limit as ¢ — .

Several classes of effects can be noted from these eqguations. For ¢* — « (the
incompressible limit), the effective diffusion coefficient becomes large and negative
if ¢ and/or ¢ is less than 0.5, corresponding to intolerable numerical instability.
In contrast, for & and ¢ both constants greater than 0.5, the diffusion is positive
(hence stabilizing) but can become intolerably large for one-dimensional problems,
and in some cases also for two-dimensional problems. Accordingly, an alternative
formulation of the ICE method could have variable functions for § and ¢, with
gach varying as 0.5 + k/c? as ¢ — o0, in which k is an appropriate constant,
with 0 and ¢ approaching some bound (perhaps zero) as ¢ — 0. (If, indeed, § and ¢
vanish as ¢ — 0, then care will be necessary to assure the stability of the difference
equations; for example, with centered flux differencing in the mass equation an
added artificial mass diffusion, the = term, is required.) In any case, with variable
6 and ¢, these functions will have to be incorporated somewhat differently inio
the equations from the manner shown in Egs. (18) and (19). To assure censervation,
Eq. (18), for example, would be written

”’H—l
—p" n+i

T = [‘9 i aPUW)ii, — Hl/z(P”)wl’o
‘f" (1 — O 1) (pW)ia s — (1 — 0711)(00)7 1 0]
+ 1(pi -+ pia — 2p5),

in which the cell-edge ¢ values are appropriate functions of the interpolated sound
speed (or some measure thereof) at that locality.

It should be emphasized that the excessive diffusion as ¢ oo is purely
longitudinal, so that two-dimensional incompressible flow calculations with the
{CE method ordinarily will not suffer from the effect, since longitudinal signal
propagation is extremely rapid, anyway.

STABILITY
Part of the necessary conditions for stability can be surmised from Egs. (20)

and (21). Assuming that 6 and ¢ are properly chosen, we note the additional
necessary requirements

T __ Ox? ( 8u)
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Actually, the conditions for stability for the full two-dimensional case are even
more stringent than implied by these statements. They are also more difficult to
specify precisely. We have found from experience that it is necessary to have =,
A and p all large enough so that

u
= _ox2 ==
T Z Pmax dx ( ox )max’

3 u
Ao > 2 o N AL 2
M 2P“ma,x 8t -+ pmax (3)6 )ma,x ox?,

We also require uyx8f << 8x, in order that fluid move less than one cell per cycle.
As an additional restriction, it is necessary that

(A -+ 2u) 8¢ < 1
Pmin OX% 4’

which, however, is more than sufficient for exclusively very low speed flows. (It
may be noted that these various restrictions are not completely independent;
satisfaction of all but one nearly implies satisfaction of them all.) As mentioned
previously, the replacement A — Ap, u — up can be useful for artificial viscosity
purposes, in that it removes pyiy from the last of the above stability requirements,
thereby avoiding the requirement of very small time steps in regions of severe
rarefaction.

A CALCULATIONAL EXAMPLE

Figures 2 and 3 illustrate an application of the ICE method to a typical problem
with both high and low speed flows. The initial configuration shows a large heated
sphere of air imbedded in the Earth’s atmosphere. Outside of the sphere the
density variations are arranged to give exact pressure balance with gravity for a
depth of 100 km (approximately thirteen e-foldings of density variation from the
ground to the top). The frames in Fig. 2 show the development of the atmospheric
dynamics at intervals of 50 sec., illustrated by marker-particle configurations. The
corresponding velocity vectors are shown in Fig. 3.

In the early stages, the air is highly compressible, and the high-speed properties
of the ICE method are principally utilized. Later stages show a variety of stagnation
circumstances in which the low-speed capabilities are crucial to successful calcula-
tions.
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The present computer program ordinarily rezones the region to add on more
cells whenever a signal reaches the edge. To demonstrate the ICE technique
properties for this paper, we turned off the rezone feature and allowed the shocks
to reflect from the rigid walls of the computing region. Despite the severe stagnation
in the reflection regions, there were no signs of instability such as would occur

d e

ly

Fic. 2. Cylindrically-symmetric explosion, with axis at the left, of a large, heated sphere of
the Earth’s atmosphere. Marker particles trace the motion of the air. The times are {(a) r = 5,
(b) t = 50 sec, (c) £ = 100 sec, (d) r = 150 sec, (€) 7 = 200 sec, () £ = 250 sec.
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Fic. 3. Velocity vectors for the problem illustrated in Fig. 2. The times are (a) t = 100 sec,
(b) t = 150 sec, (c) ¢ = 200 sec, (d) ¢ = 250 sec.

in the usual explicit formulations for high-speed flow, and there was no necessity
for reducing the time step per cycle.

With the very great intensity of the explosion in this particular example, it is
especially apparent that the upward propagating shock dynamics differ appreciably
from those in a uniform material. While the shock strength increases, there
simultaneously develops a stagnation behind the shock front, and indeed there
is a reflection behind this stagnation in which the air velocity is actually downwards.
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